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1 Padé approximant of f(z)

Let the function f(z) be given and its Taylor expansion be:

F2)=> ¢
=0

Let the two polynomials P, ,, € IL,, @, € II,, have no common divisor, @, 7# 0, and
satisfy the condition:

Qum(2)f(2) = Pom(2) = O (z") .

We set
Pom(2z)  pp2" + Pr_12¥ L o

B Qmm(Z) B gmz™ + qm_lzm_l + ...+ qo
for the Padé approximant of f(z). Therefore we have that:

nm (2)

(@n2™ + gn12™ 7+ qo)(co F az o G2 =
_(pnz” —+ pnilznfl 4.+ po) -0 (2n+m+1) .

For example, let n = m = 3. Then:

(32 + 2% + quz + qo)(co + c12 + 2”4 c32% + ez + c52° + c62%)—
—(p32® + p22° + 1z +po) = O (27) .

Comparing each degree, we have:

2 qoco —po =0

tqico + qocr —p1 =0

D q2c0 + 161+ qoca —p2 =0

1 q3Co + q2¢1 + qico + qocz — p3 =0

D q3C1 + q2C2 + qics + qocs = 0

D q3C2 + GaC3 + qica + Gocs = 0

303+ GaCa + 1G5 + qocs = 0

The first four equations are enough to compute the coefficients of P, ,,. The last three

equations have four variables. We set ¢y = 1, and we write the three equations as a
matrix:

1 C2 C3 q3 —C4
Co C3 C4 q2 = —Cs
C3 C4 Cs q1 —Cq

We solve this matrix equations and we have the coefficients of @), ,,. Now we compute
the coefficients of P, ,, with this formula:

min(n,m

)
Dn = Cp + Z qj Cn—j

j=1



or, since qo = 1,
min(n,m)

Pn = Z qj Cn—j-

J=0

We also give an example for non-diagonal Padé approximant, with n =5 and m = 3.

We have:

(g32® + @2 + quz + qo)(co + 12 + ca2® + c32® + ca2* 4+ 52° + c62° + €727 4 cg2®) —
—(ps2” + paz* + ps2® + p22® + prz + po) = O (7).

Again, we compare the degrees:

[e=]

2 qoco —Ppo =10

tqico+ qocr —p1 =10

Dq2¢0 + i1+ qoca —p2 =0

D q3Co + @201 + q1co + qocs — p3 =0
D q3c1 + GaCa + qic3 + qocs —ps =0
D q3C2 + q2C3 + qics + qocs — ps =0
D q3C3 + q2Ca + @165 + o = 0

D q3Cs + GaCs + qic6 + Gocr = 0
13¢5 + GaCe + 17 + qocs = 0

~ =] ot = w (] —

Noo W W W W

As before, the first five equations give the coefficients of P, ,,,. Again, we set ¢y = 1, and
we write the last three equations as a matrix:

C3 C4 Cs qs3 —Cq
C4 Cs5 Cg q2 = —C7
Cs C¢ C7 q1 —Cg

We notice that the index of the coefficients of the Taylor expansion has changed (compared
to the diagonal case). Solving this matrix equation yields the coefficients of @, ,,. The
formula for the coefficients of P, ,, is the same as before:

min(n,m)
Pn = qj Cn—j-
j=0
Notice that the first four coefficients, namely po, p1, p2, p3, are computed by the same
way as in the diagonal case. For the last two we apply the formula min(n, m) — the sum
is from index 0 to 3.

This algorithm can be applied for all n >= m, with m >= 20. Computation of
lower degrees requires that n > m, say n = 90, m = 10; otherwise the results might be
incorrect.

Conclusion: The input for the Padé approximant is a function, which has a Taylor
expansion around the origin (is holomorphic at the origin); the output are two polynomials
of degrees n and m, respectively.



2 Hermite-Padé approximant of [1, f, g]

Let the functions f(z) and g(z) be given and their Taylor expansions be:

f@) =", g(x) =) d;'
7=0 J=0

Let the polynomials P € II,,, @ € II,,, R € II; have no common divisor and satisfy the
condition:

P(2) + Q(2)f(2) + R(2)g(z) = O (2"Fm142).
Define [ay, aq, ag] as a “collection” of three objects. We set [P, @, R] for the Hermite-Padé
polynomials for the collection of the three functions [1, f, g]. Therefore we have that:
P2+ ppa 2" pot
+ (szm + qm—lzm_l + ...+ QO)(CO + (&¥%4 +...+ Cn+m+l+lzn+m+l+1)+
+ (2 T ) (do+diz F o F dppmgi 2T = O (z"+m+l+2) .
For example, let n = m = [ = 3. Then:
P32’ 4 pa2® + prz + pot
+(@32° + @22” + @z + qo)(co+ 1z + 22”2+
4 (rgz® +ro2? iz +r0)(do +diz +do2® 4 ...+ dyp2) = O (211) )

Comparing each degree, we have:

2% po + qoco + rodo = 0

Zh L+ quco + qoct + rido +rodi =0

22 pa 4 @aco + qic1 + qoca + rodo + r1dy 4 roda = 0

23 Py 4 qaco + qact + qics + qocs + r3do + rody + ridy + rods = 0
2t qaer + qaca + ques + qocy + rady + rady + rids +rody = 0
2% q3c2 + qa¢3 + quea + Qocs + rady + rads + ridy + rods = 0
2% qscs + qaca + qu6s + qoce + r3ds + rady + rids + Tods = 0
27 qsca + qacs + qice + qocr + r3dy + rods + ridg + rody; = 0
2% qzcs + qace + qier + qocs + r3ds + rods + ridy + rodg = 0
2% qs3ce + qacr + qucs + qoco + r3ds + Tady + rids + Tody = 0
210 gser 4 qacs + qucy + qocro + rady + rads + ridy + rodyg = 0

The first four equations are enough to compute the coefficients of P. The last seven
equations have eight variables. We set 7o = 1, and we write the seven equations as a
matrix:

c1 ¢ c3 ¢4 dy dy ds q3 —dy
o c3 ¢4 c5 dy dg dy q2 —ds
c3 ¢4 ¢ cg d3 dy ds q1 —dg
cs 5 cg cr dy ds ds 9o = —dy
cs ¢ ¢y cg ds dg dy T3 —dg
g cr cg Cy dg dy dg ) —dy
cr cg cg cig dy dg dy ™ —do

>



We solve this matrix equation and we obtain the coefficients of () and of R. We compute
the coefficients of P with this formula (we have ry = 1):

min(n,l) min(n,m)
Pn = — Z 75 tnj + qj Cn—j
j=0 3=0

We look at another example, let n =7, m =5, [ = 3. We have:

P72’ + pe2® 4 psz® + pazt 4 paz® 4+ pez® 4+ piz + pot
+ (52" + @z + 32° + @2 + @z + @) (co + iz + 2 + .+ eip2'0)+
+ (r3z® +roz? +riz + 1) (do + diz + do2® + ..+ dy2'®) = O (217) .

Comparing each degree, we have:

o

: Po + qoco + 1odo = 0

:p1+ qico + qocr + m1do + Tody =0

: P2+ qaco + q1¢1 + qoca + T2dg + r1dy + Tod2 = 0

: p3 +q3co + q2¢1 + qiC2 + qocs + r3do + r2dy + 11d2 + 1rod3 = 0

D P4+ qaCo + q3c1 + q2c2 + qic3 + qoca + T3dy + T2dy + 11d3 + rody = 0

I D5+ Gs5Co + qac1 + q3C2 + q2¢3 + qica + qocs + T3d2 + 12d3 + 11dy + 1ods = 0
D6 + 51 + qaCa + G3C3 + @204 + q1C5 + qoCe + 13d3 + r2dy + 11d5 + rodg = 0

P P7+ G5C2 + qacs + q3ca + qacs + qice + qocr + T3dy + T2ds + 11dg + rod7 = 0

D q5C3 + qaca + q3¢5 + qace + q107 + qocs + r3ds + rads + r1d7 + rods =0

1 G5Ca + qaCs + G3Ce + G207 + q1C8 + qoCo + T3ds + T2d7 + r1ds + Tody = 0

1 q5C5 + qaCe + q3C7 + GaCs + q1Co + qoCro + T3d7 + T2ds + 11dy + Tod10 = 0

D ¢5C6 + qaCr + q3Cs + qaCo + q1C10 + qoc11 + r3ds + radg + 11d19 + rod1n = 0

D @507 + qacg + q3Cy + GaC10 + qic11 + GqoCr2 + T3dy + Tadig + T1d11 + rodiz = 0

D q5Cs + qaCy + q3C10 + q2¢11 + q1C12 + qoci3 + r3dio + 12di1 + T1d1g + rodiz = 0

D q5C9 + qaCi0 + q3c11 + GaC12 + 113 + GoCra + T3d11 + radia + r1diz + 1odis = 0
L q5C10 + qac11 + G3C12 + @213 + q1C1a + qocis + r3diz + 2diz + T1d1s + rodis = 0
D 5011 + qaci2 + G3C13 + @214 + q1C15 + qocie + r3diz + r2dig + 11d1s + rodie = 0

DT T T N N T T T N
[ Y . =~ T e BN B> B 1 B =N . N O

—_
=]

The first eight equations give the coefficients of P. The last nine equations have ten
variables. Again, we set 7o = 1, and we write the last nine equations as a matrix:

c3 ¢4 ¢ C cr ¢ dy dg dy qs —dg
c4 ¢ ¢ Cr g Cg dg dy dg g4 —dy
cs ¢ C7 Cg Ccg cipg dy dg dy q3 —dyo
g C7 g Cg cig ¢ dg dg di g2 —dy
c;r cg €9 Cio Cnn Ci2 dyg dig dyy q1 = —dy2
cg Cg Cio cui1 Ci2 €3 dig dip dio qo0 —dy3
Cy Cip Ci1 Ci2 Ci3 Cia din dip dig T3 —dyy
Clo Ci1 Ci2 €13 Cuu Ci5 dig diz dig ) —d5
cip1 Ci2 ¢z cuu ¢35 cig diz dig dis A —dyg




Solving this matrix equation yields the coefficients of () and of R. The formula for the
coefficients of P is the same as before:

min(n,l) min(n,m)
Pn = — Z Tj dnfj + qj Cn—j
7=0 7=0

This algorithm can be applied for all n >=m, n >= [, with m,l >= 20. Computation of
lower degrees requires that n > m and n > [, say n = 90, m = 10, [ = 15; otherwise the
results might be incorrect.

Conclusion: The input for the Hermite-Padé approximant are two functions, which
have a Taylor expansion around the origin (are holomorphic at the origin); the output are
three polynomials of degrees n, m and l, respectively.



3 Hermite-Padé approximant of [1, f, g, h]

Let the functions f(z), g(z) and h(z) be given and their Taylor expansions be:

f(z):ch : Zdz h(z :Zejzj.

3=0 j=0

Let the polynomials P € II,,, @ € II,,, R € 1I;, S € II; have no common divisor and
satisfy the condition:

P(z) + Q(2)f(z) + R(2)g(z) + S(2)h(z) = O (2" HH+3) |

Define [ay, as, ag, as] as a “collection” of four objects. We set [P, @, R, S] for the Hermite-
Padé polynomials for the collection of the four functions [1, f, g, h]. Therefore we have
that:

P2+ Pn12" T+ ot
+ (gm2™ + 12"+ 4 qo) (o 1z F o Cotmtipks2?

+ (2t 2 ) (do - diz L dpgmg 2T TR 4
n+m+l+k+2) _

n+m-+Il+k+2 ) +

+ (sp2 + 8312 4 so)(eo Fe1z o F Crpmiiki2?
-0 (2n+m+l+k+3) )

This is analogous to the previous case — one more polynomial is added to the matrix.
This time we set so = 1. The coefficients of P are computed by:

min(n,k) min(n,l) min(n,m)
DPn = — Sj €n— j+ E T n]+ § qj Cn—j
7=0 7=0

Conclusion: The input for the Hermite-Padé approximant are four functions, which
have a Taylor expansion around the origin (are holomorphic at the origin); the output are
four polynomials of degrees n, m, | and k, respectively.



4 Two-point Padé approximant of f(z) and ¢g(z)

The full definition of two-point Padé approximant can be found in [2, §1.1], [3, §1.2.3], [4,
§1], [5, §2]. We focus only on the case that can be implemented in software and computed.
Let the function f(z) be given, with a Taylor expansion around zero:

23
j=0

Let the two polynomials P,, @, € II, have no common divisor, @),, # 0, and satisfy the
conditions:

Qu(2)f(2) - Pa(z) = O,
QX (2)9(z) — () = O (i) |

Zn

where P(z) = P,(1/2), Q°(2) = @Qn(1/2). We refer to this case as “case /n + 1,n/”.
Alternatively,

and refer to it as “case /n,n +1/7. We set:

Po(2)  pn2" 4+ pa12" 4 4o
Qn(z) QHZn + qn—lzni1 +...+ qo

7T[n7n](z) =

as the two-point Padé approximant at a finite point (including zero), and set:

Pn-1 Po
w0y B Pnt =t
T (2) 7= A2 = =

as the two-point Padé approximant at the infinity point.

Further on, we abbreviate two-point Padé approximant as TPPA.

The first two subsections describe the algorithm for computing the TPPA, the other
ones are the two examples from which the algorithm was derived.



4.1 Algorithm for case /n+ 1,n/
This algorithm works for all n > 1. We describe the algorithm for n = 3. Let:

f(2) =co+cr1z+ caz? + 32’ + O(24)

and p 4 .
9(2)2d0+—1+—§+(9< )
z z

23
Then for the TPPA we have:

T (2) = Ps(2) _ p32® + pez® + P12 + Do
[3,3] Q3(2) @2+ @2+ qz+

and » » »
2 1 0
Pr(z) Pttt

Ty (2) = = .
3.3 (2) = 5%
Q5°(2) q3+@+q_;+q_g

z V4 z

From the definition of TPPA we have:
Qs(2)f(2) — P3(z) = O(z"),
Qo) - P =0 (%)

3
We use the first equation,
(432° + @2° + @1z + q0)(co + 12 + 22° + 32%) — (p32° + p22® + prz + o) = O(2Y),
which gives the system

doco — po = 0,

q1¢o + qoc1 —p1 =0,

q2Co + q1c1 + qoc2 — p2 = 0,

q3¢o + q2¢1 + q1c2 + qocs — p3 = 0.

(4.1)

The second equation,
d d 1
(a4 24 54 ) (do+_1+_;) S (N :o(_),
z oz z z oz z oz

gives the system

22 qzdy —p3 =0,

Z_l . Q3d1 + QQdo — P2 = 0, (42)
272 qada + qudy + qudo — p1 = 0.

We have 7 equations and 8 variables. We set gy = 1, then py = cy. Substitute p; 23 from
the second system into the first and write the remaining equations:

q3(co — do) + q2¢1 + qre2 + c3 =0,
— q3dy + q2(co — do) + qier + ¢ = 0,
— q3dy — qady + q1(co — do) + ¢ = 0.

10



The matrix representation is:

co — dp C1 Co a3 —C3
—d; co — do C1 q2 = —C2
—dy —d; cop — do q1 —C

Solving the matrix equation returns the coefficients of ()3. The formula for the coefficients

of P, is:
Pn = Z qj Cn—j-
§=0

This formula corresponds to the first system of equations (4.1) above and is equivalent
to the formula from classical Padé approximant. We can also use the second system of
equations (4.2) for the coefficients of P,, then:

N—n
Pn=Y tniid;,
=0

where N = n is the maximal order and does not change when computing. For example,
p1 from (4.2) is computed by:

3-1
p1 = Z G145 dj = qidy + godi + qads.
=0

Conclusion: The input for the two-point Padé approximant are two functions, which
have a Taylor expansion, one of them around the origin, and the other around the infinity
point; the output are two polynomials of degrees n and m, respectively.

11



4.2 Algorithm for case /n,n+1/

Now we swap the maximal order of the two functions. Let n = 3,
f(2) =co+ 12+ 2 + O(2?)

and d dy d 1
_ o, %2, 7 -
g(z) =do + . +22+23+O(24).

From the definition of TPPA we have:
Qs(2)f(2) = Ps(2) = O(2°)
QF(late) - P = 0 ().

A
Again, we take the first equation,
(032° + 2" + @1z + q0)(co + €12 + €22°) — (p32° + p22” + prz + po) = O(2°),

which gives the system
20 qoco — po = 0,
2' e+ gocr —p1 =0, (4.3)
22 qaco+ quer + qoca — p2 = 0.

The second equation,

d d d 1
<q3+@+q_;+@> d0_|__1_|__;_|__3 _(p3_|_12_|_p_;_|_@>:(9 — 1,
z oz 23 z oz 23 z oz

gives the system
z 1 qzdo —p3 =0,
270 qadi+ qado — p2 = 0,
q3da + q2dy + q1do — p1 = 0,
270 gsds 4 qada + qudy + qodo — po = 0.

Again, we have 7 equations and 8 variables. This time we set g3 = 1, then p3 = dy. (We
can set again ¢y = 1, but then the calculations are equivalent to the previous algorithm.)
We substitute pg 12 from the second system into the first (this way we get the same matrix
as before):

@2(co — do) + q1¢1 + qoca — dy = 0,

— q2di + qu(co — do) + goc1 — da = 0,

— q2da — qudy + qo(co — do) — dy = 0.

The matrix representation is:

co — dp C1 Ca q2 dy
—d; co — do (&1 q1 = dy
—dy —d; cop — do qo ds

The matrix on the left is the same as in the previous section, but the two vectors are
different. Therefore the results from the calculations differ slightly.

12



Solving the matrix equation returns the coefficients of (3. The formula for the coeffi-

cients of P, is:
n
Pn = Z qj Cn—j-
§=0

This formula corresponds to the first system of equations (4.3) above and is equivalent
to the formula from classical Padé approximant. We can also use the second system of
equations (4.4) for the coefficients of P,, then:

N—-n
Pn = Z Gn+j
j=0

where N = n is the maximal order and does not change when computing. For example,
po from (4.4) is computed by:

3-2

P2 = Z Qo1j dj = qadp + g3d;.

J=0

Conclusion: The input for the two-point Padé approximant are two functions, which
have a Taylor expansion, one of them around the origin, and the other around the infinity
point; the output are two polynomials of degrees n and m, respectively.

13



4.3 Example 1
This example is from [2, §1.1]. Let:

f() = (”%Z)m,

1+ 2z

which has expansion around zero of

339, 9267 . 7563
2,222 2005 1909 4 h,5y
1) 17t 557 ~ 1% toge® TOE)

7 = (ﬁ)/

2t +4
which has expansion around zero (the expansion around infinity of f(z)) of

L. 3, 21, 87, 1677,

=cdot—— 2 P —
JO=5+5"~51" T 256" ~ 209

Let n =1 and take the expansion at zero with maximal order n + 1

We map z = 1/t and obtain:

+ O(2°).

flz)=1- zz + 0(2%)

and the expansion at infinity with maximal order n

f(z):%+oe>.

Pl(’z) _p12+p0 00 _Pfo(z>
Qi(z)  @z+q ’ k) g+
z

Therefore we have that

Ty (2) =

Then the expansion at zero,

et a) (1-52) = (1s 4 ) = OG),

gives the system

ZO: QO—pOIOa
1

3
g = a0 —p =0,

The expansion at infinity,

gives the equation
1
0
: —q1—p1 =0.
z 2Q1 b1
We have 3 equations and 4 variables. Set gy = 1, then py = 1, ¢ = 3/2 and p; = 3/4.

The TPPA is
14 3z/4

T (2) = m

14



4.4 Example 2

This example is from [6]. Let n = 4 and denote with ¢y, an expansion (of some function)
at zero with maximal order n + 1

s g2 N 4, 8 - 16
=l—-—zcz+4+—=2"——2"+ —
0 3715 105 945

and an expansion at infinity with maximal order n
1 1 3 1
loo=—+—+-—+0(—=].
2z * 422 * 823 * (24)

Py(z) pazt + p3z® + paz® + prz + po

2+ O(z5),

We have that

mua(z) = = ,
1(2) Qi(2) @+ @2 +e2+az+q
p3 D2 y41 Po
S (Z)_Pfo(z) _p4+ z +22+z3+z4
14 = == = )
BT B 2 DD
z 22 3 A

From the definition, the expansion at zero Q4(2)tg — Py(z) = O(2°),

2 4 8 16
4 3 2 2 3 4
1-2 2 = _ _
(0127 + 432" + (o2 +‘-’1Z+q°)( Y T 1057 +945Z>
—(paz" + p32® + p22® + prz + po) = O(2°),
gives the system
AN do — Po = 07

2
21— 59 —p1 =0,

3
2 4
2
: - = —qgp— Py =0
z q2 3Q1+15(J0 D2 )

3 2 n 4 8 0
A - = —4q1 — 7-40 — =
g3 3(12 15Q1 105610 b3 )
4 2 4 8 16
o=@t =@ — =@+ —=q —ps=0.

3 15 105 945
Also from the definition, the expansion at infinity Q3 (2)t, — P°(2) = O(1/24),

&, & @ @)l__L I
<Q4+ 2 +22+z3+z4 (22+4z2+8z3
BBy oL

<p4+z+z2+z3+z4 (z4>’

gives the system (the expansion does not have degree zero):

1
-1
: o =qu—p3=0
z 2Q4 D3 )
2 Lol 0
274 = —(3 — Py =
4€I4 2613 b2 )
1 1
-3
L - —gy —p1 = 0.
z 8Q4+4Q3+2(J2 D1

15



We have 8 equations and 10 variables. Set ¢y = 1, then py = 1. The remaining equations
are:

2
2 Q1___p1:07

3
2 4
2
: — - — —py =0
z q2 391+15 D2 )

oo 2 b 8
R 3Q2 15611 105 p3s =Y,

.o 2 A8 16
c Qs 393 15612 105611 945 pPa =V,
271 1 —p3=0
: 2Q4 b3 =V,
272 1 + L =0
: 4(]4 2(13 P2 =V,
273 3 + L + L —p1 =0
: 8(]4 4(13 2612 p1 = U.

We have 7 equations and 8 variables. Set p; = 0 (or any other variable, we do not have

enough equations). Write again the equation with degree z?, then write degree 2 minus

271 22 minus 272; finally z minus 273

2 . 4 8 + 16 _ 0
44 393 15Q2 10591 945
1 n 2 n 8 _0
2(]4 4qs 3(]2 15Q1 05
1 1 . 2 L 4 _0
4Q4 2Q3 a2 3(11 15
3 1 1 n 2 0
894 4CI3 2612 41 3~
8 8 32 16
Th luti f th t is: = - = — = — = —. We find th
e solution o e Ssys em;s q1 529, q2 91’ as 315’ 44 945 e nn e
remaining coefficients: p; = g’ Py = R p3 = 015 Finally, the TPPA is:

3, 52 2, 8 .3
L+ 352+ gi5%" + 537

- 8., 8.2, 323, 16 4
L+ g2+ 572° +3552° + 9452

T(4,4)(2)

16



5 Multipoint Padé approximant of f(z)

Let the function f(z) be holomorphic on a compact set E C C, denote by f(z) € H(E).
Let the polynomials P, ,, € II,, Q,» € II, have no common divisor, @, , # 0, and

satisfy the condition:
Qum(2)f(2) = Pum(2)

€ H(E),
Wntm+1(2)
where z; are interpolation points,
n+m
Wnimt1(2) = H (z — 2).
i=0

We set:
Pom(2)  pa2"+paa2" '+ o

a Qn7m(2> B qmzm + Qm—lzm_l 4+ ...+ qo

for the multipoint Padé approximant, we have that R, ,, interpolates to the function f(z)
in the points z; [2, §1.1],

Rn,m(z)

Rym(zi) = f(z), 1=0,1,2,....,n+m.
This equation can be written as:
Pa? + Poo12l T o+ po = (@) (@ a2 L o).

For example, let n =m = 3. Then:

and

P3z + 2z + 12+ po = f(2)(@37) + @227 + @1z + o).
Denote by ¢; = f(z;),7=0,1,2,...,6. We rearrange the variables:

po + D12i + Doz} + D3z — 16z — gaciz] — 4367 = qoc.

We have 7 equations and 8 variables. We set gy = 1 and write the system of equations as
a matrix:

1 20 22 23 —cozo —cozd —cozp Do o
1 2y 22 22—z —z —a2 1 a1
1 20 22 23 —cozo —Co22 —co2s D2 C2
1 2z z§ zg’ —C323 —C3 z§ —C3 zg 3 = Cs3
1 2y 22 20 —cuzq —c4zi —c4z ¢ 4
1 25 22 22 —cs25 —c522 —cs2d G cs
1 26 22 22 —cez¢ —Coz —cozp qs Co

Solving this matrix equation returns the coefficients of P, ,, and of @y, ..
We also look at one non-diagonal case, let n =5, m = 3. Then

wo(2) = H(z —z)

1=0
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and
P52 + pazi + pszd + pazl 4+ 1z + po = f(2) (@7 + @7 + qz+ ).
Again, denote by ¢; = f(z),1=0,1,2,...,8 and rearrange the variables:
2 3 4 5 2 3 _
Po + P12 + P2z + P3%; +Paz; + P52 — 1GiZ — Q2CiZ) — q3CiZ; = qoCi-

We have 9 equations and 10 variables. Again, we set go = 1 and we write the system of
equations as a matrix:

1 20 22 28 25 25 —cozo —cozd —cozp Do co
1 21 Z% Zi)) Zil Zi:’ —C1%1 —012% —clzf P1 C1
1 Z9 Z% Z;’ Z;l Z; —C9%9 _0223 _CQZS D2 Co
1 23 25 23 23 23 —c323 —c322 —c32s D3 cs
1 oz 23 23 2 2] —cazy —cu2i —cuzd e | =1 a
1 25 22 22 22 22 —cs25 —c52f —csad D5 cs
1 26 Zg Zg Zg Zg —CgR6 —cﬁzg —CGZg a1 Cg
1 z7 Zr? Zf;) Z? Zf? —C727 —0723 —0725? () Cr
1 zZ8 Zg Zg’ Zél Zg —CgZy —ngg —Cng’ qs Cg

As before, solving this matrix equation returns the coefficients of P, ,,, and of @Q,, .

Conclusion: The input for the multipoint Padé approximant are interpolation points,
their count is n+m+ 1, and a function, which does not turn to zero at the interpolation
points (is holomorphic at the interpolation points); the output are two polynomials of
degrees n and m, respectively.

The requirement is that the function does not turn zero at the interpolation points.
Therefore, the above conditions can be relaxed considerably: let the function f(z) be
m-meromorphic (has no more than m poles) on a compact set £ C C, denote by f(z) €
M, (E); then the condition is:

@nm(2)f(2) = Pom(2)

Wntm+1(2)

e M, (E).

For example, let £ = Cy(1) be the unit circle, take interpolation points on JF with
Wnama1 = 2" — 1, and let the function be:
z 1
f(z) = V2 — 22 + (1 —2.452)10°
The function has a pole of order 10 at (0.408,0) and f(z) € Mjo(E). At most 10 poles

of the multipoint Padé approximant converge to that pole, the rest are in C \ Cy(v/2),
therefore R, ,, € Myo(E), where R, = P/ Qnm.
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