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Padé approximant of f(z)

Let the function f(z) be given and its Taylor expansion be:

f(z) = Z Gz
Jj=0

Let the two polynomials P, € M, Qnm € My have no common divisor,
Qn,m # 0, and satisfy the condition:

Qn,m(z)f(z) - Pn,m(Z) =0 (Z”+m+1) ]
We set

 Punl®)  pa ez 4ty
Qn’m(Z) gmz™ + qulzm_l +...+qo

for the Padé approximant of f(z). Therefore we have that:

Tn,m(2)

(qmz™ + qm-12""1 + ...+ qo)(co + 1z + o+ Crim2™T) -
_(pnzn + Pn—lzni1 + ...+ Po) =0 (zn+m+1) '
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For example, let n = m = 3. Then:

(322 + @22 + quz + qo)(co + a1z + ©2° + 32° + c4z* + c52° + ¢62°)—
—(psz® + p22> + p1z+ po) = O (2') .

Comparing each degree, we have:

z :qoco—po =10

z7:1qico+ goc1 —p1 =0

z° i qaco+ qic1 +qoc2 —p2 =0

2> q3c0 + q2c1 + q1c2 + Gocz — p3 =0
Z* 1 gsc1 + 202 + g1z + qoca =0

2’ g3+ G263 + q1ca + Gocs = 0

z°:q3c3 + qacs + qi1¢5 + qgocg = 0
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The first four equations are enough to compute the coefficients of Py p,.

The last three equations have four variables. We set gg = 1, and we write
the three equations as a matrix:

(4]
%}
C3

(6)
a3
Cq

(&} as
C4 az =
C5 a1

We solve this matrix equations and we have the coefficients of Qp, m.

we compute the coefficients of P, ,, with this formula:

or, since qg = 1,
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Pn=C¢Cn+ Z qj Cn—j
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Hermite-Padé approximant of [1,f, g]

Let the functions f(z) and g(z) be given and their Taylor expansions be:

f(z) = chzj, g(z) = Zdjzj.
j=0 j=0

Let the polynomials P € I,,, Q € N,,, R € I, have no common divisor and
satisfy the condition:

P(2) + Q2)f(2) + R(2)g(2) = O (2" m+172).

Define [a1, ap, a3] as a “collection” of three objects. We set [P, Q, R] for
the Hermite-Padé polynomials for the collection of the three functions
[1,f, g]. Therefore we have that:

pnz" + Pp—12"t 4 ..+ pot

+(gmz" + gm-12""T+ .+ qo)(co + az+ .+ Copmiis1Z

+ (r/z’ 4+t o+ ro)(do+diz+...+ d,,+,.,,+/+1z”+"”+’+1) =0 (z”+m+'+2:

n+m+/+1)+
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For example, let n=m = 1= 3. Then:
p3z> + paz® + p1z + po+
+ (CI3Z3 + Q22+ quz + qo)(co + a1z + o2+ ...+ C10210)+
+ (22 + nz? + nz + r)(dy + diz + dz? + ... + dioz'%) = O (z1).
Comparing each degree, we have:
z" i po+ qoco + rodo =0
z' i p1+qico + qoct + rdo + rodp =0

z°:p2+ Gy + qic1 + Goco + radg + ridy + rpd> = 0

22 p3+ qzco + Gact + Gico + Gocs + r3do + r2dy + rda + rod3 = 0
z* gz + qeeo + qics + Goca + r3dh + rada + rids + roda = 0

2% 30 + Gocs + q1Ca + GoCs + r3ds + rds + rds + rpds =0

2% q3¢3 + Gaca + iCs + GoCs + r3ds + rads + rids + rods = 0

z" : q3cs + Gacs + qiCs + GoCr + r3da + rads + rids + rods =0

7% q30s + Gace + G1C7 + qoCs + r3ds + rads + ridy + rods = 0

2% qsc6 + qacr + qiCs + GoCo + r3de + rady + ridg + rode = 0

7" 1 q3Cr + q2cg + q1Co + qoCio + r3d7 + radg + ridg + rodip = 0
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The first four equations are enough to compute the coefficients of P. The
last seven equations have eight variables. We set ryp = 1, and we write the
seven equations as a matrix:

aq ¢ a3 « d d» d3 a3 —dy
C 3 ¢4 C dr d3 dy a2 —ds
3 ¢4 C5 C d3 di ds a1 —ds
4 G C Cr dy ds dp Qo | =1 —d
G Cp C7 Cg d5 d5 d7 r3 — dg
C6 C7 Cg Qg d(, d7 dg r — dg
c7 G C Cio d7 dg dy r —d1o

We solve this matrix equation and we obtain the coefficients of @ and of
R. We compute the coefficients of P with this formula (we have rp = 1):

min(n,/) min(n,m)
Pn = — Z rjdn_j+ Z qj Cn—j
j=0
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Continued fraction

Regular C-fraction:

Result is:

S. Suetin, N. lkonomov

162> +6002% + 4320z + 5040
- 23412022 — 1800z + 5040
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Viskovatov's algorithm for exp(z)

2 Z3 Z4

ﬂ:exp(z):1+z+%+€+ﬂ+0(zs)
fo =1+ 0(z")
Zero coefficient:
a=1 (fromf)
=1 (from fy)

First coefficient:

i =h=1+0(")

m 1 1 1 2z 2 1 _
fo —Z<f1—q)fo)—z<1+z+2+++O(25)—1(1+O(zl)) =

6 24
z 22 7 4
M=t (! = zero coefficient from £4, k > 1)

=1 (M = zero coefficient from £ k > 1)
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Second coefficient:

2 3

f1[2]:fo[”:1+2+€+ﬂ+0( 4

o _ Z(,cm CE f[u)
=1(1+0(zl)—1(1+;+Z62+;+0(z4)>):
R

c{z]—l

=2
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Third coefficient:

Bl _c2_ 1 z z 3
Fr=h =55 237 9&)
2
(B C{]ftz]
o T\ T
0
1 z z2 73 4 1 1 z 22 3
—z<1+2+6+24+0<Z>‘—1/z(‘z‘6‘z4+0(2)>)—
1 z z2 7 z Zz° 3
_1 Z 2
—6+12—|—O(z)
B _ 1
B _ 1
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The coefficients for the continued fraction are c{k]/c[k], k=1,2,3,...

coeffg = a_ 1
Co
e
coeff; = ﬁ =1
()
[2]
C 1
coeffp = Lo = —— = —
Y
[3]
c -1/2
coeffs = 2= L= =_3
c([f] 1/6

By computer program, the first eight are:
111 1 1 1
= _ T S
a= {1’1’ 2°6712°60° 120’840}

111 1 1 1 1
?3:{17 }

2'6712760° 1207 840’ 1680
—
C1/C0 = [17 —2, —3,2,5, —2, —7,2]
Continued fraction is:
hA_,,2 2z 'z z z 2z z z
fo T 14 24 -34+2+5+-2+-7+2
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Alternative writing:

f
i:]__i_ ZZ
fo 1+ -
_2_|_ >
-3+ >
2+ >
5t ——
_2_|_ >
-7 —
T3

Padé approximant is:
z* + 2023 + 18022 + 840z + 1680

4/4] = :
A T + 18022 — 840z + 1680
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Viskovatov's algorithm for [1, exp(z), exp(z)Y/3]

Viskovatov's algorithm for [1, exp(z), exp(z)Y/3]:

22 z3 z4

_ 1/3 _ zZ £ A 5

h=ep@) " =143+ 5% 15 T 1025 T 02
Z2 Z3 Z4 5
fl—exp(z)—1+z+?+€+ﬂ+0(z)

fo =1+ 0(z})
Zero coefficient:

=1 (fromf)
aa=1 (from#f)
=1 (fromfy)
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First coefficient:

A= f=1+0(z")

1
#- (e 20)-
z C1

1 z z2 28 I 2 22 7 5
_Z<1++++O(Z)1(1+2+2+6+24+0(2 )))—

2 4z 1372 1023 12174

- _Z_ — — o(z°
370 81 243 1aes0 O
1 c 1 22 2 1
AM=C(n-26)==(1 S+ - (1 D))=
0 = oh) =3 2S5+ 0E) 1(+O(z))
z 22 7
=14+-+=>=+=+0(
ot Tt o)
cél] =1 (cg(] = zero coefficient from fz[k], k>1)
2 .
c{l] =-3 (c{k] = zero coefficient from fl[k], k>1)
c([)l] =1 (c([)k] = zero coefficient from fo[k], k>1)
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Second coefficient:
2 3

f[2] f[l] 1 L2
+2+ 6 +24+O( )

B

2 4z 1322 1022 1217
1 e e _ _ 5 —
L+0()+ < 379 81 243 1sse0 T OC )>)

_ s _ s s T2 5
- 54 8l 9720 43740 " 9%)

3
1 M
7c0[2] = (fl[ll _ C(ll)ll ,c0[1]> =
1 z z
A
1

3 4 2 2 23
"3 9 e 243 0@ 3(”2%*%*0( )>>

_ - = s 4
=79 8 o2 729 t9F)

2 1

c£2] =1 CF] =—= c([)Z] =79
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Third coefficient:

f[3] f[2] 1 4z 1322 273

o _ 1@ o
A —(fz —aﬂ[ﬂ =
V4 Cl
1 2 7 3 2 13z 5722 1212 4
—z<1+2+6+24+0( “2(35481 o720 O ))>
_ £+2i+ 14922 n 1923 n 230074 0(25)
36 ' 27 | 6480 ' 3645 ' 2449440
3 L (.2 <o .
,%[1_z<f1[1_ciz]f0[1> _
:1<2132522+O(z3)6(14213222Z3+O(z4)>):
z\ 3 54 8l 81 972 729
1 z 1322 z3
=18 " 54 320 1as8 " O
il — 1 B_5 gm_1
9 T “© T 1g

S. Suetin, N. lkonomov Viskovatov algorithm April 20, 2021 17 /33



By computer program, the first eight are:

2S

o

&l

[, 1111 11 1]
|77 0718736724307 32407 5670° 1837080
2 25 4 7 17 29 31
37 3736°405" 7207 11340° 1301265 _986580]
111 1 1 1 1
|7 971873672430 3240’ 5670’_1837080]

We apply the following formulas:

B0 K
C‘[qkl i _ 4
C{k] Ck[)k]
N 334 45 20 14 3213 174
Ch — -_-——— Y — Y —— — —
912’257 8777 51"2327 31
N 2 5 16 189 34 58 1674
=150 "5, "7y 5 T S aen  An
3 2" 45" 8 7 459 29
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Then we define even more variables!

Zero coefficient:

c
= —C—j
T
€0
First coefficient:
Q[ll _ c,[ql]
Q£] _ c([,I] 0
=2z
RM =1

R2[1] = cr[ll + cg
Ry] = c,m cﬁ)
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Second coefficient:

Q2 — Aol 4 o
Q= + 12

Qb = gl ¢ c2,
R{2] _ CP] R1[1] + QP]
R — RN 4 it
R£2] _ CP] Rg] + le]
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Finally, this code is repeated for k > 3:

This is the final stage.

S. Suetin, N. lkonomov

Q!

ng] _
QM —

R —

R _

RI —

_ il 2l

k k—1 k—2
JHQl1l 4 gl
M gl |l
[k]f?[k 1] + (Q[k 1]
Mgl Q=]
[k]R[k 1] + Q[k 1]
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The result is in 3n + 1 iteration, where n = 4 in this particular case.
This results in 3 polynomials, each of degree n = 4.

pl3l _ 32 4 256023 B 320022 B 4812802 3331340

3 243 243 9 81 81
na 1 p 50 N gzz 34752 14270
27243 243 27 81 81

Rl — 74 — 3023 + 6757% — 76957 + 41310

This is the end, this is known as Hermite—Padé approximant of type | for
the collection of functions [1, f, g] = [1,exp(z), exp(z)'/3].

There exists type Il which is computed by type | so we are required to do
these calculations.

S. Suetin, N. lkonomov Viskovatov algorithm April 20, 2021 22/33



What was the point of all this? We already have a working matrix method.
Why do we need a new Viskovatov algorithm?

The answer is speed of the calculations. The matrix method becomes quite
slow for degrees n > 400. Even that is already pushing the memory limits

and it takes about 24-48 hours to compute.

The new Viskovatov algorithm is 10 times faster while using about the
same amount of computer memory.
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B HeraComp v1 3

>>> Computational options for PARI/GP

Session name HEPA_x_30_1000_6817 O write
Precision (digits) 1000
Polynomial degree 30 [ Muttiple
Taylor expansion 92 [ Define
Approximant HEPA - Hermite-Pade Appr of [1, F, G] B
Algorithm Matrix method v
funF = 1.0%z/sqrt (1.0-z42) v
funG = 1.0%z/sqrt((1.0-(2.0+I*2.0)*z)*(1.0-(2.0-I*2.0)+*z)) v
funH= 1.0%z/sqrt((1.0-(-2.1+I%2.0)%*z)* (1.0~ (-2.1-I%2.0) *z))
Atfter calculations Send to the infinity point v
Memory (gigabytes) 2

Start Stop

>>> Plotting options for gnuplot

HEPA_x_30_1000_6817

12::xHEPA Digits 1000 Order 92 Degrees

va

# Press Start and wait for the text "Completed in".
# Then view the result with Create plot.

# PARI/GP output

# 2021-04-19 13:43:53

GP/PARI CALCULATOR Version 2.7.6 (released)
amd64 running mingw (x86-64/GMP-6.0.0 kernel)
2000000000, primelimit = 500000
realprecision = 1001 significant digits

parisize =
seriesprecision = 92 significant terms

HEPA[30,30,30] matsolve

HEPA[30,30,30] polroots

HEPA[30,30,30] finished

Goodbye!
Completed in 708 ms

64-bit versic

(1000 digits dis

< >
List controls. Polynomials Top Bot
Range of the plot Automatic v Add Rem
Range for X axis -3 3
Range for Y axis =2 3
File type PDF v
View result Create plot About
< >
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E George A. Baker, Jr., Peter Graves-Morris, Padé approximants, Second
Edition, Cambridge University Press, New York, 1996.

[ N.R. lkonomov, S. P. Suetin, Viskovatov algorithm for Hermite-Padé
polynomials, arXiv:2007.03370 [math.CV].

S. Suetin, N. lkonomov Viskovatov algorithm April 20, 2021 25 /33



Software is available here:
http://justmathbg.info/

Thank you for the attention!
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http://justmathbg.info/

Padé approximant

Let n=m = 3. Let Q3(2)f(z) — P3(z) = O(z"), where
f(Z) =C +cz+ C222 + ...+ C6Z6.

G & C3 a3 —C4
C C3 ¢ qz - —GC5
3 C Cs q1 —Co

We set go = 1 and we obtain all coefficients of Q3(z), the denominator.
The numerator is computed by the coefficients of Q3(z).

Another method to obtain the coefficients:

i G 3 &

* 0 G G G
Q3(2) = c

3 € G Cp

2 22z 1

We obtain Q3(z), and after normalization it is equal to Q3(z):

Q3(2)/q0 = @3(2).
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We can generalize both of the above approaches by [1, §8.5 Hermite-Padé
polynomials, Equation 5.4]:

eoNolololoNoNoll S

000 ¢¢c 0 0 O
1 00 1 Q 0 0
01 0 & g ¢ O
0 01 ¢ 3 C C Q
0 00 |laa 3 &
0 0 0|lcs a1 3 o
0 0 O0|cse 5 a1 c3
000|1 =z 22 78

The matrix equation that we solve by software is much smaller than the full
determinant, while the result is the same.
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Computing the numerator:

10 0 0 ¢ 0 0 O

01 0 0 ¢ ¢ 0 O

0 0 1 0 G G Q 0

% 0 0 O 1 cG3 C C1 Q
P3 (Z) - 0 0 0 0 C4 C3 C
00 0 0 5 a4 3 o

0 0 O 0 C6 Cp C4 C3

1z 222220 0 0 0

Normalization: P3(z)/p5 = P3(z)/po
(po = co, but might not be equal to 1).
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Hermite-Padé approximant

Let n=m= /= 3. Let P3(z) + Q3(2)f(2) + R3(2)g(z) = O(z!?), where:

f(Z) = C0+C12+C2Z2—|-. . .—I—Clozlo, g(Z) = d0—|-d12+d222—|-. . .+d10210.
aq ¢ @ « d d» d3 a3 —ds
C 3 ¢4 C dr d3 dy a2 —ds
3 ¢ G C d3 di ds a1 —de
4 G C Cr dy ds de qQ |=| —-d7
Gy Cp C7 Cg d5 d6 d7 r3 — dg
C6 C7 Cg Q9 C/(, d7 dg r — dg
c7 G C cCio d7 dg dy r —d1o

We set ryp = 1 and we obtain all coefficients of Q3(z) and R3(z). The
coefficients of P3(z) are computed by the former ones.
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Another method to obtain the coefficients:

R3(2) =

(a]
(&}
3
Cy
Cs
Ce
7
0

C1
(&}
a3
Ca
Cs
Co
<7

Z3

(&}
C3
Cy
Cs
Co
7
Cg
0

C
3
Ca
Cs
Co
7
Cs

Z2

a3
Ca
Cs
Co
Cr7
Cs
Co
0

3
Ca
Cs
Co
cr
Cg
Co
z

Ca
Cs
Co
cr
C8
Co
€10
0

Ca
Cs
Co
cr
C8
Co
C10
1

d7
0

dg
0

d3
da
ds
de
d7
dg
doy

z

ds
da
ds
ds
dr
dg
dy
0

ds
ds
de
d7
dg
doy
dio
1

da
ds
ds
d7
dg
dy
dio
0

After normalization we obtain the following formulas (we have rp, = 1 and qo # 1):

Q3(2)/q0 = Qs(2)/qo-

R3(2)/r = Ra(2),
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As above, we can generalize both approaches by [1, §8.5 Hermite-Padé

polynomials, Equation 5.4]:

O O O OO OO OOo o

o

We have an analogous formula for Q5(z). The matrix equation that we

O O O OO OO OOoOo+HOo

O O OO OO0 OoO oo

o

OO O OO OO OoO+HOOoOOo

o 0 0 0 d 0 0 O
Cc1 (@) 0 0 d1 do 0 0
() G Q 0 d2 C/1 do 0
C3 G G Q d3 d2 d1 do
Cy a3 G d4 d3 d2 d1
Cy C4 C3 (O d5 d4 d3 d2
C6 C5 C4 C3 d6 d5 d4 d3
C7 C6 C5 d7 d@ d5 d4
Cg C7 Co Gy dg d7 d6 d5
Co Cg C7 GCp dg dg d7 d@
Clo C9 Cg C7 diop do dg d7

0O 0 0 0 1 =z 227

solve be software is a lot smaller than the full determinant, while the result

is the same.
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Finally:

10 0 0 o O O O d 0 0 O
01 0 0 1 Q 0 0 d1 do 0 0
0 0 1 0 (o) 1 Q 0 d2 d1 do 0
0 0 O 1 3 C 1 QO d3 d2 d1 do
0 0 O 0 C4 C3 C (O d4 d3 d2 d1
P*(Z) _ 0 0 O 0 Cs C C3 O d5 d4 d3 d2
3 00 0 0 c ¢ c 3 do ds ds ds
0 0 O 0 Cr Co C5 4 d7 d6 d5 d4
0 0 O 0 Cg C7 Cp G5 d3 d7 d6 d5
0 0 O 0 Cg Cg C7 GCp dg dg d7 d6
0 0 O 0 Cilp C9 Cg (7 C/10 dg dg d7
1z 2222 0 0 0 0 0 0 0 0

Normalization: P3(z)/p§ = P3(z)/po.

S. Suetin, N. lkonomov Viskovatov algorithm April 20, 2021 33/33



