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Padé approximant of f (z)

Let the function f (z) be given and its Taylor expansion be:

f (z) =
∞∑︁
j=0

cjz
j .

Let the two polynomials Pn,m ∈ Πn, Qn,m ∈ Πm have no common divisor,
Qn,m ̸= 0, and satisfy the condition:

Qn,m(z)f (z)− Pn,m(z) = 𝒪
(︀
zn+m+1)︀ .

We set

𝜋n,m(z) =
Pn,m(z)

Qn,m(z)
=

pnz
n + pn−1z

n−1 + . . .+ p0

qmzm + qm−1zm−1 + . . .+ q0

for the Padé approximant of f (z). Therefore we have that:

(qmz
m + qm−1z

m−1 + . . .+ q0)(c0 + c1z + . . .+ cn+mz
n+m)−

−(pnz
n + pn−1z

n−1 + . . .+ p0) = 𝒪
(︀
zn+m+1)︀ .
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For example, let n = m = 3. Then:

(q3z
3 + q2z

2 + q1z + q0)(c0 + c1z + c2z
2 + c3z

3 + c4z
4 + c5z

5 + c6z
6)−

−(p3z
3 + p2z

2 + p1z + p0) = 𝒪
(︀
z7)︀ .

Comparing each degree, we have:

z0 : q0c0 − p0 = 0

z1 : q1c0 + q0c1 − p1 = 0

z2 : q2c0 + q1c1 + q0c2 − p2 = 0

z3 : q3c0 + q2c1 + q1c2 + q0c3 − p3 = 0

z4 : q3c1 + q2c2 + q1c3 + q0c4 = 0

z5 : q3c2 + q2c3 + q1c4 + q0c5 = 0

z6 : q3c3 + q2c4 + q1c5 + q0c6 = 0
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The first four equations are enough to compute the coefficients of Pn,m.
The last three equations have four variables. We set q0 = 1, and we write
the three equations as a matrix:⎛⎝ c1 c2 c3

c2 c3 c4
c3 c4 c5

⎞⎠⎛⎝ q3
q2
q1

⎞⎠ =

⎛⎝ −c4
−c5
−c6

⎞⎠ .

We solve this matrix equations and we have the coefficients of Qn,m. Now
we compute the coefficients of Pn,m with this formula:

pn = cn +

min(n,m)∑︁
j=1

qj cn−j

or, since q0 = 1,

pn =

min(n,m)∑︁
j=0

qj cn−j .
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Hermite-Padé approximant of [1, f , g ]

Let the functions f (z) and g(z) be given and their Taylor expansions be:

f (z) =
∞∑︁
j=0

cjz
j , g(z) =

∞∑︁
j=0

djz
j .

Let the polynomials P ∈ Πn, Q ∈ Πm, R ∈ Πl have no common divisor and
satisfy the condition:

P(z) + Q(z)f (z) + R(z)g(z) = 𝒪
(︁
zn+m+l+2

)︁
.

Define [a1, a2, a3] as a “collection” of three objects. We set [P,Q,R] for
the Hermite-Padé polynomials for the collection of the three functions
[1, f , g ]. Therefore we have that:

pnz
n + pn−1z

n−1 + . . .+ p0+

+ (qmz
m + qm−1z

m−1 + . . .+ q0)(c0 + c1z + . . .+ cn+m+l+1z
n+m+l+1)+

+ (rlz
l + rl−1z

l−1 + . . .+ r0)(d0 + d1z + . . .+ dn+m+l+1z
n+m+l+1) = 𝒪

(︀
zn+m+l+2)︀ .
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For example, let n = m = l = 3. Then:

p3z
3 + p2z

2 + p1z + p0+

+ (q3z
3 + q2z

2 + q1z + q0)(c0 + c1z + c2z
2 + . . .+ c10z

10)+

+ (r3z
3 + r2z

2 + r1z + r0)(d0 + d1z + d2z
2 + . . .+ d10z

10) = 𝒪
(︀
z11)︀ .

Comparing each degree, we have:

z0 : p0 + q0c0 + r0d0 = 0

z1 : p1 + q1c0 + q0c1 + r1d0 + r0d1 = 0

z2 : p2 + q2c0 + q1c1 + q0c2 + r2d0 + r1d1 + r0d2 = 0

z3 : p3 + q3c0 + q2c1 + q1c2 + q0c3 + r3d0 + r2d1 + r1d2 + r0d3 = 0

z4 : q3c1 + q2c2 + q1c3 + q0c4 + r3d1 + r2d2 + r1d3 + r0d4 = 0

z5 : q3c2 + q2c3 + q1c4 + q0c5 + r3d2 + r2d3 + r1d4 + r0d5 = 0

z6 : q3c3 + q2c4 + q1c5 + q0c6 + r3d3 + r2d4 + r1d5 + r0d6 = 0

z7 : q3c4 + q2c5 + q1c6 + q0c7 + r3d4 + r2d5 + r1d6 + r0d7 = 0

z8 : q3c5 + q2c6 + q1c7 + q0c8 + r3d5 + r2d6 + r1d7 + r0d8 = 0

z9 : q3c6 + q2c7 + q1c8 + q0c9 + r3d6 + r2d7 + r1d8 + r0d9 = 0

z10 : q3c7 + q2c8 + q1c9 + q0c10 + r3d7 + r2d8 + r1d9 + r0d10 = 0
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The first four equations are enough to compute the coefficients of P . The
last seven equations have eight variables. We set r0 = 1, and we write the
seven equations as a matrix:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 c2 c3 c4 d1 d2 d3
c2 c3 c4 c5 d2 d3 d4
c3 c4 c5 c6 d3 d4 d5
c4 c5 c6 c7 d4 d5 d6
c5 c6 c7 c8 d5 d6 d7
c6 c7 c8 c9 d6 d7 d8
c7 c8 c9 c10 d7 d8 d9

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

q3
q2
q1
q0
r3
r2
r1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−d4
−d5
−d6
−d7
−d8
−d9
−d10

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

We solve this matrix equation and we obtain the coefficients of Q and of
R . We compute the coefficients of P with this formula (we have r0 = 1):

pn = −

⎛⎝min(n,l)∑︁
j=0

rj dn−j +

min(n,m)∑︁
j=0

qj cn−j

⎞⎠ .
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Continued fraction

Regular C-fraction:

c = 1 +
z

2 +
z

3 +
z

4 +
z

5 +
z

6 +
z

7

.

Result is:

c =
16z3 + 600z2 + 4320z + 5040
z3 + 120z2 − 1800z + 5040

.
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Viskovatov’s algorithm for exp(z)

f1 = exp(z) = 1 + z +
z2

2
+

z3

6
+

z4

24
+ O(z5)

f0 = 1 + O(z1)

Zero coefficient:

c1 = 1 (from f1)

c0 = 1 (from f0)

First coefficient:

f
[1]
1 = f0 = 1 + O(z1)

f
[1]
0 =

1
z

(︂
f1 −

c1
c0

f0

)︂
=

1
z

(︂
1 + z +

z2

2
+

z3

6
+

z4

24
+ O(z5)− 1

1
(︀
1 + O(z1)

)︀)︂
=

= 1 +
z

2
+

z2

6
+

z3

24
+ O(z4)

c
[1]
1 = 1 (c

[k]
1 = zero coefficient from f

[k]
1 , k ≥ 1)

c
[1]
0 = 1 (c

[k]
0 = zero coefficient from f

[k]
0 , k ≥ 1)
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Second coefficient:

f
[2]
1 = f

[1]
0 = 1 +

z

2
+

z2

6
+

z3

24
+ O(z4)

f
[2]
0 =

1
z

(︃
f
[1]
1 −

c
[1]
1

c
[1]
0

f
[1]
0

)︃
=

=
1
z

(︂
1 + O(z1)− 1

1

(︂
1 +

z

2
+

z2

6
+

z3

24
+ O(z4)

)︂)︂
=

=
1
z

(︂
1 − 1 − z

2
− z2

6
− z3

24
+ O(z4)

)︂
=

= −1
2
− z

6
− z2

24
+ O(z3)

c
[2]
1 = 1

c
[2]
0 = −1

2
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Third coefficient:

f
[3]
1 = f

[2]
0 = −1

2
− z

6
− z2

24
+ O(z3)

f
[3]
0 =

1
z

(︃
f
[2]
1 −

c
[2]
1

c
[2]
0

f
[2]
0

)︃
=

=
1
z

(︂
1 +

z

2
+

z2

6
+

z3

24
+ O(z4)− 1

−1/2

(︂
−1

2
− z

6
− z2

24
+ O(z3)

)︂)︂
=

=
1
z

(︂
1 +

z

2
+

z2

6
+

z3

24
+ O(z4)− 1 − z

3
− z2

12
+ O(z3)

)︂
=

1
6
+

z

12
+ O(z2)

c
[3]
1 = −1

2

c
[3]
0 =

1
6
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The coefficients for the continued fraction are c
[k]
1 /c

[k]
0 , k = 1, 2, 3, . . .

coeff0 =
c1

c0
= 1

coeff1 =
c
[1]
1

c
[1]
0

= 1

coeff2 =
c
[2]
1

c
[2]
0

=
1

−1/2
= −2

coeff3 =
c
[3]
1

c
[3]
0

=
−1/2
1/6

= −3

By computer program, the first eight are:

−→c1 =

[︂
1, 1,−1

2
,
1
6
,

1
12

,
1
60

,− 1
120

,
1

840

]︂
−→c0 =

[︂
1,−1

2
,
1
6
,

1
12

,
1
60

,− 1
120

,
1

840
,

1
1680

]︂
−−−→
c1/c0 = [1,−2,−3, 2, 5,−2,−7, 2]

Continued fraction is:
f1
f0

= 1 +
z

1 +
z

−2 +
z

−3 +
z

2 +
z

5 +
z

−2 +
z

−7 +
z

2
.
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Alternative writing:

f1
f0

= 1 +
z

1 +
z

−2 +
z

−3 +
z

2 +
z

5 +
z

−2 +
z

−7 +
z

2

.

Padé approximant is:

[4/4] =
z4 + 20z3 + 180z2 + 840z + 1680
z4 − 20z3 + 180z2 − 840z + 1680

.
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Viskovatov’s algorithm for [1, exp(z), exp(z)1/3]

Viskovatov’s algorithm for [1, exp(z), exp(z)1/3]:

f2 = exp(z)1/3 = 1 +
z

3
+

z2

18
+

z3

162
+

z4

1944
+ O(z5)

f1 = exp(z) = 1 + z +
z2

2
+

z3

6
+

z4

24
+ O(z5)

f0 = 1 + O(z1)

Zero coefficient:

c2 = 1 (from f2)

c1 = 1 (from f1)

c0 = 1 (from f0)
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First coefficient:

f
[1]
2 = f0 = 1 + O(z1)

f
[1]
1 =

1
z

(︂
f2 −

c2
c1

f1

)︂
=

=
1
z

(︂
1 +

z

3
+

z2

18
+

z3

162
+ O(z4)− 1

1

(︂
1 + z +

z2

2
+

z3

6
+

z4

24
+ O(z5)

)︂)︂
=

= −2
3
− 4z

9
− 13z2

81
− 10z3

243
− 121z4

14580
+ O(z5)

f
[1]
0 =

1
z

(︂
f1 −

c1
c0

f0

)︂
=

1
z

(︂
1 + z +

z2

2
+

z3

6
+

z4

24
+ O(z5)− 1

1
(︀
1 + O(z1)

)︀)︂
=

= 1 +
z

2
+

z2

6
+

z3

24
+ O(z4)

c
[1]
2 = 1 (c

[k]
2 = zero coefficient from f

[k]
2 , k ≥ 1)

c
[1]
1 = −2

3
(c

[k]
1 = zero coefficient from f

[k]
1 , k ≥ 1)

c
[1]
0 = 1 (c

[k]
0 = zero coefficient from f

[k]
0 , k ≥ 1)
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Second coefficient:

f
[2]
2 = f

[1]
0 = 1 +

z

2
+

z2

6
+

z3

24
+ O(z4)

f
[2]
1 =

1
z

(︃
f
[1]
2 − c

[1]
2

c
[1]
1

f
[1]
1

)︃
=

=
1
z

(︂
1 + O(z1) +

3
2

(︂
−2

3
− 4z

9
− 13z2

81
− 10z3

243
− 121z4

14580
+ O(z5)

)︂)︂
=

= −2
3
− 13z

54
− 5z2

81
− 121z3

9720
− 91z4

43740
+ O(z5)

f
[2]
0 =

1
z

(︃
f
[1]
1 − c

[1]
1

c
[1]
0

f
[1]
0

)︃
=

=
1
z

(︂
−2

3
− 4z

9
− 13z2

81
− 10z3

243
+ O(z4) +

2
3

(︂
1 +

z

2
+

z2

6
+

z3

24
+ O(z4)

)︂)︂
=

= −1
9
− 4z

81
− 13z2

972
− 2z3

729
+ O(z4)

c
[2]
2 = 1 c

[2]
1 = −2

3
c
[2]
0 = −1

9
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Third coefficient:

f
[3]
2 = f

[2]
0 = −1

9
− 4z

81
− 13z2

972
− 2z3

729
+ O(z4)

f
[3]
1 =

1
z

(︃
f
[2]
2 − c

[2]
2

c
[2]
1

f
[2]
1

)︃
=

=
1
z

(︂
1 +

z

2
+

z2

6
+

z3

24
+ O(z4) +

3
2

(︂
−2

3
− 13z

54
− 5z2

81
− 121z3

9720
+ O(z4)

)︂)︂
=

=
5
36

+
2z
27

+
149z2

6480
+

19z3

3645
+

2309z4

2449440
+ O(z5)

f
[3]
0 =

1
z

(︃
f
[2]
1 − c

[2]
1

c
[2]
0

f
[2]
0

)︃
=

=
1
z

(︂
−2

3
− 13z

54
− 5z2

81
+ O(z3)− 6

(︂
−1

9
− 4z

81
− 13z2

972
− 2z3

729
+ O(z4)

)︂)︂
=

=
1
18

+
z

54
− 13z2

3240
− z3

1458
+ O(z4)

c
[3]
2 = −1

9
c
[3]
1 =

5
36

c
[3]
0 =

1
18
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By computer program, the first eight are:

−→c2 =

[︂
1, 1,−1

9
,

1
18

,
1
36

,
1

2430
,

1
3240

,
1

5670
,− 1

1837080

]︂
−→c1 =

[︂
−2

3
,−2

3
,

5
36

,
4

405
,− 7

720
,

17
11340

,− 29
1301265

,− 31
986580

]︂
−→c0 =

[︂
1,−1

9
,

1
18

,
1
36

,
1

2430
,

1
3240

,
1

5670
,− 1

1837080

]︂
We apply the following formulas:

c
[k]
q = −

c
[k]
2

c
[k]
1

, c
[k]
r = −

c
[k]
1

c
[k]
0

−→cq =

[︂
3
2
,
3
2
,
4
5
,−45

8
,
20
7
,−14

51
,
3213
232

,
174
31

]︂
−→cr =

[︂
2
3
,−6,−5

2
,−16

45
,
189
8

,−34
7
,

58
459

,−1674
29

]︂
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Then we define even more variables!

Zero coefficient:

c0
q = −c2

c1

c0
r = −c1

c0

First coefficient:

Q
[1]
1 = c

[1]
q

Q
[1]
2 = c

[1]
q c0

q

Q
[1]
3 = z

R
[1]
1 = 1

R
[1]
2 = c

[1]
r + c0

q

R
[1]
3 = c

[1]
r c0

r
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Second coefficient:

Q
[2]
1 = c

[2]
q Q

[1]
1 + 0z

Q
[2]
2 = c

[2]
q Q

[1]
2 + 1z

Q
[2]
3 = c

[2]
q Q

[1]
3 + c0

r z

R
[2]
1 = c

[2]
r R

[1]
1 + Q

[1]
1

R
[2]
2 = c

[2]
r R

[1]
2 + Q

[1]
2

R
[2]
3 = c

[2]
r R

[1]
3 + Q

[1]
3
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Finally, this code is repeated for k ≥ 3:

Q
[k]
1 = c

[k]
q Q

[k−1]
1 + zR

[k−2]
1

Q
[k]
2 = c

[k]
q Q

[k−1]
2 + zR

[k−2]
2

Q
[k]
3 = c

[k]
q Q

[k−1]
3 + zR

[k−2]
3

R
[k]
1 = c

[k]
r R

[k−1]
1 + Q

[k−1]
1

R
[k]
2 = c

[k]
r R

[k−1]
2 + Q

[k−1]
2

R
[k]
3 = c

[k]
r R

[k−1]
3 + Q

[k−1]
3

This is the final stage.
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The result is in 3n + 1 iteration, where n = 4 in this particular case.
This results in 3 polynomials, each of degree n = 4.

R
[13]
3 = − 32

243
z4 − 2560

243
z3 − 3200

9
z2 − 481280

81
z − 3331840

81

R
[13]
2 = − 1

243
z4 +

50
243

z3 − 115
27

z2 +
3475
81

z − 14270
81

R
[13]
1 = z4 − 30z3 + 675z2 − 7695z + 41310

This is the end, this is known as Hermite–Padé approximant of type I for
the collection of functions [1, f , g ] = [1, exp(z), exp(z)1/3].

There exists type II which is computed by type I so we are required to do
these calculations.
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What was the point of all this? We already have a working matrix method.
Why do we need a new Viskovatov algorithm?

The answer is speed of the calculations. The matrix method becomes quite
slow for degrees n ≥ 400. Even that is already pushing the memory limits
and it takes about 24–48 hours to compute.

The new Viskovatov algorithm is 10 times faster while using about the
same amount of computer memory.
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Software is available here:
http://justmathbg.info/

Thank you for the attention!
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Padé approximant

Let n = m = 3. Let Q3(z)f (z)− P3(z) = 𝒪(z7), where
f (z) = c0 + c1z + c2z

2 + . . .+ c6z
6.⎛⎝ c1 c2 c3

c2 c3 c4
c3 c4 c5

⎞⎠⎛⎝ q3
q2
q1

⎞⎠ =

⎛⎝ −c4
−c5
−c6

⎞⎠ .

We set q0 = 1 and we obtain all coefficients of Q3(z), the denominator.
The numerator is computed by the coefficients of Q3(z).

Another method to obtain the coefficients:

Q*
3 (z) =

⃒⃒⃒⃒
⃒⃒⃒⃒ c1 c2 c3 c4
c2 c3 c4 c5
c3 c4 c5 c6
z3 z2 z 1

⃒⃒⃒⃒
⃒⃒⃒⃒ .

We obtain Q*
3 (z), and after normalization it is equal to Q3(z):

Q*
3 (z)/q

*
0 = Q3(z).
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We can generalize both of the above approaches by [1, §8.5 Hermite-Padé
polynomials, Equation 5.4]:

Q*
3 (z) =

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒

1 0 0 0 c0 0 0 0
0 1 0 0 c1 c0 0 0
0 0 1 0 c2 c1 c0 0
0 0 0 1 c3 c2 c1 c0
0 0 0 0 c4 c3 c2 c1
0 0 0 0 c5 c4 c3 c2
0 0 0 0 c6 c5 c4 c3
0 0 0 0 1 z z2 z3

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
.

The matrix equation that we solve by software is much smaller than the full
determinant, while the result is the same.
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Computing the numerator:

P*
3 (z) =

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒

1 0 0 0 c0 0 0 0
0 1 0 0 c1 c0 0 0
0 0 1 0 c2 c1 c0 0
0 0 0 1 c3 c2 c1 c0
0 0 0 0 c4 c3 c2 c1
0 0 0 0 c5 c4 c3 c2
0 0 0 0 c6 c5 c4 c3
1 z z2 z3 0 0 0 0

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
.

Normalization: P*
3 (z)/p

*
0 = P3(z)/p0

(p0 = c0, but might not be equal to 1).
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Hermite-Padé approximant

Let n = m = l = 3. Let P3(z) + Q3(z)f (z) + R3(z)g(z) = 𝒪(z11), where:

f (z) = c0+c1z+c2z
2+. . .+c10z

10, g(z) = d0+d1z+d2z
2+. . .+d10z

10.⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 c2 c3 c4 d1 d2 d3
c2 c3 c4 c5 d2 d3 d4
c3 c4 c5 c6 d3 d4 d5
c4 c5 c6 c7 d4 d5 d6
c5 c6 c7 c8 d5 d6 d7
c6 c7 c8 c9 d6 d7 d8
c7 c8 c9 c10 d7 d8 d9

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

q3
q2
q1
q0
r3
r2
r1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−d4
−d5
−d6
−d7
−d8
−d9
−d10

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

We set r0 = 1 and we obtain all coefficients of Q3(z) and R3(z). The
coefficients of P3(z) are computed by the former ones.
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Another method to obtain the coefficients:

R*
3 (z) =

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒

c1 c2 c3 c4 d1 d2 d3 d4
c2 c3 c4 c5 d2 d3 d4 d5
c3 c4 c5 c6 d3 d4 d5 d6
c4 c5 c6 c7 d4 d5 d6 d7
c5 c6 c7 c8 d5 d6 d7 d8
c6 c7 c8 c9 d6 d7 d8 d9
c7 c8 c9 c10 d7 d8 d9 d10
0 0 0 0 z3 z2 z 1

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒

Q*
3 (z) =

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒

c1 c2 c3 c4 d1 d2 d3 d4
c2 c3 c4 c5 d2 d3 d4 d5
c3 c4 c5 c6 d3 d4 d5 d6
c4 c5 c6 c7 d4 d5 d6 d7
c5 c6 c7 c8 d5 d6 d7 d8
c6 c7 c8 c9 d6 d7 d8 d9
c7 c8 c9 c10 d7 d8 d9 d10
z3 z2 z 1 0 0 0 0

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
.

After normalization we obtain the following formulas (we have r0 = 1 and q0 ̸= 1):

R*
3 (z)/r

*
0 = R3(z), Q*

3 (z)/q
*
0 = Q3(z)/q0.
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As above, we can generalize both approaches by [1, §8.5 Hermite-Padé
polynomials, Equation 5.4]:

R*
3 (z) =

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒

1 0 0 0 c0 0 0 0 d0 0 0 0
0 1 0 0 c1 c0 0 0 d1 d0 0 0
0 0 1 0 c2 c1 c0 0 d2 d1 d0 0
0 0 0 1 c3 c2 c1 c0 d3 d2 d1 d0
0 0 0 0 c4 c3 c2 c1 d4 d3 d2 d1
0 0 0 0 c5 c4 c3 c2 d5 d4 d3 d2
0 0 0 0 c6 c5 c4 c3 d6 d5 d4 d3
0 0 0 0 c7 c6 c5 c4 d7 d6 d5 d4
0 0 0 0 c8 c7 c6 c5 d8 d7 d6 d5
0 0 0 0 c9 c8 c7 c6 d9 d8 d7 d6
0 0 0 0 c10 c9 c8 c7 d10 d9 d8 d7
0 0 0 0 0 0 0 0 1 z z2 z3

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒

.

We have an analogous formula for Q*
3 (z). The matrix equation that we

solve be software is a lot smaller than the full determinant, while the result
is the same.
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Finally:

P*
3 (z) =

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒

1 0 0 0 c0 0 0 0 d0 0 0 0
0 1 0 0 c1 c0 0 0 d1 d0 0 0
0 0 1 0 c2 c1 c0 0 d2 d1 d0 0
0 0 0 1 c3 c2 c1 c0 d3 d2 d1 d0
0 0 0 0 c4 c3 c2 c1 d4 d3 d2 d1
0 0 0 0 c5 c4 c3 c2 d5 d4 d3 d2
0 0 0 0 c6 c5 c4 c3 d6 d5 d4 d3
0 0 0 0 c7 c6 c5 c4 d7 d6 d5 d4
0 0 0 0 c8 c7 c6 c5 d8 d7 d6 d5
0 0 0 0 c9 c8 c7 c6 d9 d8 d7 d6
0 0 0 0 c10 c9 c8 c7 d10 d9 d8 d7
1 z z2 z3 0 0 0 0 0 0 0 0

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒

.

Normalization: P*
3 (z)/p

*
0 = P3(z)/p0.
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